Int. J. Heat Mass Transfer. Vol. 20, pp. 577-579. Pergamon Press 1977. Printed in Great Britain

LETTER TO THE EDITORS

EFFECT OF OPERATING CONDITIONS, PHYSICAL SIZE AND
FLUID CHARACTERISTICS ON THE GAS SEPARATION PERFORMANCE
OF A LINDERSTROM-LANG VORTEX TUBE

(Received 23 August 1976)

THEWORK by Marshall [ 1], contains a number of interesting
results, which should prove useful for the understanding of
gas separation in the vortex tube. In particular, the results
may be used for testing previously established theories
[2-7] on the functioning of tubes of the design employed
in[1].

According to the theoretical model considered in these
studies, the main region of separation is found at inter-
mediate radii. There, maximum tangential velocity is reached
because, in tubes of the design employed, angular momentum
is carried far towards the centre in a comparatively strong
radial flow of gas. Furthermore, the model explains the
complex relation found in both [1] and [2] between
separation effect a,;—1 and cut, 8, as resulting from a
delicate balancing of contributions to the separation from
different parts of a complex counter-current axial flow
system, which is postulated to exist at intermediate radii
in the tube.

Such an axial convective flow system has been shown
experimentally to exist [8-107. It has been explained quali-
tatively and, in the incompressible approximation, quanti-
tatively [11] as caused by a large influx of gas in the
end-wall boundary layers of the tube, a flow that necessarily
must be rejected at intermediate radii. Angular momentum
may be preserved to a large extent in this boundary-layer
flow.

In [11] both preservation of angular momentum and
diversion of flow into the boundary layers were shown to
be governed by two parameters: (1) 4, essentially a swirl
parameter, v,r:/(F/p), where 2nF/p is total mean volume
flow through the tube, with p a mean density, and where
v, and 7, are peripheral tangential velocity and radius,
respectively; and (2) Re,, a radial Reynolds number, usually
turbulent, = F/peL, where & is turbulent diffusivity for
momentum and L is tube length. Compressibility effects
appear only to have a limited influence on these results [11].

It has been found [11-13] that the parameter pe/u, where
u is the viscosity, may be expressed approximately as

pefp = C(Re, Y ¢y

where Re, , = p,v,2r,/p, is the tangential Reynolds number,
and where f and C are constants with f about unity or 0.8.

Furthermore, experience shows, that a velocity reduction
v,/v; takes place on entrance of the gas into the tube
[14, 15]. This reduction appears to be primarily a function
of the ratio of tube wall area to area of jet cross section.
According to this rule as well as directly from pressure
measurements in [3], v,/v; is equal to about 1/5 in the
tubes considered here.

Reference [1] extends previous measurements in [2] to
wider ranges of gases, pressures and tube dimensions. The
resulting range of A and Re, covered is, however, no
greater than in all cases a significant diversion of flow into
the boundary layers is to be expected according to the
theory in [11]. Thus it should be a reasonable procedure
to view all the results in 1] on a common basis.

Isotope separation theory [16] predicts that
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where AU, the so-called separative power, is a guantity
based on the diffusion equation. Its magnitude may be
estimated once the flow pattern is completely known. AU
takes into account the effect of the interplay between rate
of diffusion and throughput on creating a net concentration
difference between two outgoing streams.

As the axial flow pattern normally is poorly known, a
direct calculation is very inaccurate [4]. A simpler and
quite instructive procedure, and the one to be followed
below, is to calculate the maximum possible separation
regardless of axial and radial flow pattern and to assume
that the ratio of actual to theoretical values is a simple
function of the parameters governing this flow system. The
maximum value of AU for a given tangential velocity
distribution in the radial direction has been shown [16,7]
to be given by
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Here Re, the jet Reynolds number, =(p;v;2-r;)/u, with 2r;
the jet diameter {in [1], d); L is tube length, Sc is Schmidt
number, = pD/u, and AM/M is molecular weight difference
divided by mean molecular weight. Furthermore, M; is jet
Mach number, and
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To the extent that the above boundary-layer theory applies,
we may write B = B{(Re,, 4). The underlying diffusion
equation is derived on the assumption [17,14] that the
diffusion flux of gas driven by the concentration gradients
is determined by the turbulent diffusivity, while the pressure
diffusion due to the rotational motion has its normal
laminar value. pe/u may differ from pe/p, because the
turbulence level may decrease towards the tube axis [9, 7].

The tangential velocity, v, may be approximated [12] by
a forced vortex, v/r = a constant, in the centre region at
radii less than a characteristic radius, 7*; and by v oc 1/,
where in the present cases 0 € n < +1, between r* and r,.
The interplay between radial inflow, peak tangential velocity
and radial pressure gradient imposes a lower limit on r*,
at perhaps 2/3 of the (characteristic) exit orifice radius. The
reason is that the radial distribution of axial pressure
gradients gives rise to an outflow through the exit orifice
in an annulus near the periphery, and that any tendency
to distribute the flow more evenly would be opposed by
the increased radial pressure drop associated with such
change. In fact both experimental and theoretical evidence
suggest that tangential Mach numbers above 1.2 do not
obtain [15].

This conclusion and the fact that sonic conditions, except
at the lowest po/pe, exist in the inlet jet, ie. M; = 1, together
with the assumption that v,/v; = 0.2, indicate that the maxi-
mum of (v,/v;)> M} B'/? is about unity, a limit which accord-
ing to the boundary-layer theory obtains at large Re, and/or
1/A4 values.
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In [1], a conspicuous feature of the results is the finding
(Fig. 4) that the separation effect («,; —1) has a maximum
value when plotted against Re (which is changed by
varying po).

Qualitatively this is what (3) predicts should happen.
Increasing Re (at constant p,) implies increasing rate of
mass flow, and at the same time increased volume flow
through the tube, because the pressure level inside the tube
is only slowly rising, since it is essentially tied to p, (unless
choking in the exits occurs, see below). Thus, both Re, and
1/A increase with Re, and B will therefore approach its
maximum value. The maximum of UM (equation 3) is
reached when B increases at the same rate as does Re, or
rather Re- pe/u since Re, , (1) slowly changes with p,.

As a detailed analysis reveals, a contributing factor to the
low experimental results at high Re may be found in the
reduction that the experimental limit to be obtained relative
to UM suffers at high enough Re-values. This reduction
takes place because, with increasing throughput, the time
the gas spends in the tube becomes too short for the
diffusive motions to have an optimum effect on the
separation.

In [3], a case was considered using air in a tube of
standard size (as defined in [1]) and po/p. = 4.5, in which
the flow must have been almost identical to that in the
standard tube experiments in [1] with the gas mixture
N;/N,O and Re = 60000. In [3] pressure measurements
indicated that n = +3; this value was in qualitative agree-
ment with the prediction of the boundary-layer theory as
regards preservation of apgular momentum. With M; =1
and v,/z; = 0.2,itfollows that (v,/v;)* M7 B'* = 0.2. Further-
more, in [7], a comparison between mass separation and
energy separation in the vortex tube is made, and it is
argued that the turbulent diffusivity necessarily must de-
crease towards the axis, or the two sets of results would be
difficult to reconcile. In one case in [7], where both effects
followed the same kind of pattern as functions of flow
fraction, 6, the results indicated that the turbulent diffusivity
in the active separation region was reduced to 1/6 of the
magnitude determined directly from the v o 1/r" dependence
or indirectly from (1). With this result, UM = 4.1 x 1073,
where the best experimental value in [1]is 2.6 x 1073,

Another very interesting feature in Fig. 4 of [1] is the
finding that maximum separation occurs at Re values of
about 60000 (when the exit pressure is 1 atm) regardless of
tube size (scaling all dimensions a factor of 2.57 up or
2.0 down) and of gas properties (changing from nitrogen to
helium).

This result does not follow directly from the theory
described above. A detailed analysis rather suggests that
po/Pe (p. constant) should be quite a powerful parameter
for unifying all such data.

In fact, there is little doubt that this is the case as
regards the variation of B = B(Re,, A), based as this is on
a considerable amount of experimental evidence. Therefore,
the explanation for the discrepancy most probably lies with
the limited efficiency, with which the axial convective system
is able to produce a net separation effect. Qualitatively, the
cause may be the fact that the change due to scaling up or
down or to change of gas does not affect Re, and 4 at a
given po/p. in quite the same way, so that a pressure adjust-
ment cannot bring both parameters back to their previous
magnitudes simultaneously. The convective flow system may
well be much more sensitive to this kind of dissimilarity
than the tangential velocity distribution (and B). Alter-
natively, the model may be too primitive to serve as a
reliable guide in this case.

The separation, being a diffusive process, must have a
maximum independent of throughput, when its efficiency is
measured in terms of amount transferred rather than con-
centration difference (except in so far as the throughput
affects the turbulent diffusivity). AU, [or UMQ2nF)Y?,
conveniently expressed as g'/?s /2, see (2)] is therefore for
some purposes a more useful parameter than UM. In Fig. 1,
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FI1G. 1. Experimental [$(6/1—0)]"?(2aF)"?(a,;— 1) values
plotted against overall pressure ratio, po/p.; O, ® small,
[J, W standard, and A, A large tubes. p, = latm; Re >
60000. Dashed lines and x, corresponding calculated tur-
bulent UMQ2rF)!/2[ = (AU ma)/?] values. Solid lines, cal-
culated laminar upper limits to UM(2rF)!/2,

calculated values of maximum UMQnF)'/? are indicated,
together with the corresponding laminar values, and experi-
mental points from [1] are plotted against po/p,. Only
measurements where Re > 60000 are shown, the purpose
being to test how closely experiment approaches the upper
limit of UM(2nF)?. The range indicated by shading
represents the effect of ¢, < ¢.

The theoretical point at 4.64 atm. represents the calculated
value for N,-gas, referred to above. The conjectured change
in UM(2nF)'/?, when B approaches its maximum value, is
also indicated.

At po/p. > 25, choking in the exits is bound to occur.
This follows from the fact that the ratio of exit area to jet
area is 13 and that, with choking in both inlet and exits,
po/p; =~ 1.54 and pexiernal/Pexit> = 2/1.54, 50 that po/pexternal =
Po/Pe ~ 25. In fact choking probably happens already at
somewhat smaller p,/p,, because swirl in an exit reduces the
outflow through it. The possible effect of choking on
UM(2rF)'? through an increase of Re, , is also indicated
in the figure.

It is seen, that the experimental separation maxima for
both gases are of the order 109, of the theoretical laminar
values. Apparently the lower turbulence level in the He-tubes
(Re,,, smaller) does not bring about better separation. The
reason may conceivably be either that the throughput in all
cases is so large that turbulent back-diffusion, which is
proportional to the slope of the concentration gradients
established, plays a minor part, or alternatively that the
convective flow system in the He-case never reaches as
efficient a state as with N..

The result in Fig. 5 of [1] that AM/M correlates data for
different gases at constant Re is a corollary of the above
result.

In one set of measurements in [1] (Fig. 6), starting from
the standard conditions considered in detail above (N,-gas
in standard tube, Re = 60000), p, was reduced keeping po
constant. This change reduces both 4 and the turbulent
diffusivity, and Re, is increased. Thus B approaches its
maximum value. In Table 1la, experiment and theory are
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Table 1.
a b

normal reduced p ratio reduced p ratio
opr—1 43 x1073 9.0 x 1072 2.1 43 x 1073 32
Po 464 4.64 1.41
Pe 1 0.25 0.25
pp (estimated) 1.5 0.75 0.5
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compared. (Brog/Buoorm)'’> may readily account for the re- REFERENCES

maining factor of 1.5, and thus qualitatively the increased
separation effect is explained.

By further reducing p,, i.e. at po/p.-values above approxi-
mately 30, the separation effect was found in [1] to decrease
somewhat again. Against this, the model predicts that
choking in the exits above po/p. =~ 25 should lead to a
constant separation effect independent of the external
pressure. The explanation for this discrepancy is probably
that the outflow through the exits is not choked over the
entire cross-section at once. Since reversed flow along the
axis without doubt exists especially in the critical pressure
region, changes in the axial convective system may take
place while the flow in the exits becomes completely choked,
and this may give rise to the reduction in a,; ~1 observed.

In another set of experiments in [1] both po and p, were
reduced. This changes the turbulence level, but does not
influence Re, much, nor is 4 changed appreciably; thus B
may remain unaltered. In Table {b, experiment and theory
are compared. Although the close agreement is entirely
fortuitous, the tendency is probably real enough.

There is a limit to how large UM may become by
reducing the pressure level (at constant py/p,). Thus, when
laminar conditions are reached, further reduction in pressure
will affect Re, and change the tangential velocity distribution
in such a way that B decreases. In addition, at small
enough throughputs, the obtainable experimental limit
relative to UM decreases, because the equilibrium concen-
tration gradient is so readily established within the tube,
that a decreasing part of the tube volume participates in
the separation process.

In [1], Fig. 7 almost all data for Re < 60000 are plotted
against the parameter (AM/M)ySc(po/p.) and a power law
for the standard tube is deduced. In view of the above dis-
cussion, both as regards the form of UM and concerning
the correlations established in Figs. 4 and 5 of [1], one
might be led to believe that a more rewarding procedure
would be to divide o,y ~1 by AM/MySc and to plot the
remaining quantity against Re {with p. = 1 atm). Since most
data are for Re = 60000, the result is mainly a contracted
view of Fig. 5 of [1]; however, the tail of results going to
small Re-values does indicate, that the dependence of the
“normalised” separation effect on Re may be linear. On
the other hand, with the data plotted in this way it also
becomes obvious, that neither the influence of tube dimen-
sions nor of gas properties is entirely accounted for by this
method. Thus, the relationship established in [1] may be
the best to be had at present.
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